Exam Calculus 2

1 April 2015, 14:00-17:00

The exam consists of 6 probl‘ems. You have 180 minutes to answer the ques-
tions. You can achieve 100 points which includes a bonus of 10 points.

1. [5+5+5=15 Points.] Consider the function f : R* = R defined as

—zll f 0.0
f(.’l?,y): W 1 (m7y)#( ) ) )
0 if(z,y)=(0,0)
(a) Is f continuous at (z,y) = (0,0)? Justify your answer.

(b) Compute the partial derivatives of f at (z,y) = (0,0) from the definition of
partial derivatives.

(¢) For which unit vectors v = ui+ wj with u? + w? = 1 does the directional
derivative D, f(0,0) exist?

2. [54+5+5=15 Points.]

(a) Let C be a curve parametrized by r : I — R3, ¢ > r(¢), where I C R is an
interval and r is of class C?. Let T(¢) be the unit tangent vector at r(t). Show
that T'(¢) is perpendicular to T(t).

(b) Consider now specifically the curve C parametrized by r : [0,2] — R? with

r(t) = cos(3t) i+ sin(3t) j + 2t>% k.
Determine the length of the curve C.
(c) For the curve C in part (b), determine the parametrization by arclength.

3. [7+8=15 Points| Consider the sphere z% + y* + 2% = 4.

(a) Compute the tangent plane of the sphere at the point (z,y,z) = (1,1,v/2).

(b) Use the Method of Lagrange Multipliers to find the points on the sphere that
have minimal and maximal distance to the point (zo, yo, 20) = (3,1, =1).

— please turn over —




4. [5+3+5+2=15 Points] Consider the vector field F on R3 given by
F(z,y,2) = (bzz — 2%) i+ ayzj + (z* + ) k.

(a) Let A=(1,0,0) and B = (1,1,1), and C be the straight line segment connecting
A to B. Compute
/ F . ds.
c

(b) Show that for the vector field F to be conservative, a and b must be both equal
to 2.
(c) For a = b = 2, determine a potential function of F.

(d) Show that the potential function in part (c) can be used to compute the value
of the line integral in part (a) in the case where F is conservative.

5. [10 Points] Use Stokes’ Theorem to compute the integral [ fs (V x F) - dS, where
F(z,y,2) =zzi+yzj+zyk

and S is the part of the upper hemisphere (i.e. z > 0) of the sphere 22 + 42 + 2% = 4
that lies in the cylinder z® + y = 1. (Hint: first make a sketch of the surface S.)

6. [84-84+4=20 Points] Let n(z,y, z) be a unit normal vector to a surface S in R3
at the point (z,y,2) € S. The directional derivative of a differentiable function
[+ R® = R in the direction of n is called normal derivative and denoted by 0f /on,

ie. of
5‘7—7/ = Vf ‘1.

(a) For a positive number a, let S be the portion of the sphere z2 + Y2 + 22 = a2
in the first octant (i.e. where z > 0,y > 0 and z > 0), oriented by the unit
normal vector that points away from the origin. Let f(z,y,2) = In (z2+y2+22).

Evaluate of
/ /S ™ ds.

Hints: note that n = $(zi+yj + zk); you may use that the surface area of a
sphere of radius a is 47ra?.

(b) Let D denote the piece of the solid ball 22 + g% + 2% < a2 in the first octant, i.e.
D={(z,9,2) eR® : 22+ 9y +22 < a2 >0,y > 0,2 > 0}. Compute

JI[ v wna
where f is as in part (a).

(c) Apply Gauss’ Divergence Theorem to the integral in part (b), and reconcile your
result with your answer in part (a).
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